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\_(m— s)oosfl— («— y)sinfl] 8 , [(w— x)$in6-\-(n— y)cosfl] 8 _.. ...... 

^ + & 2 -i.. ..<.i;. 

The equation to ellipse, center A, is 

x s /a s +yWi 2 =1— ■ (2). 

The invariant of these equations are 

a = a j=— a 4 & 4 . 

@=a 2 & 8 [& 8 (w 8 + n* ) +c(msin0+Mcos0) 8 — c 8 sin 8 0— 3a 8 ft 2 ]. 

© 1 =a 8 6 8 [6 2 m 2 +a 8 H 8 — c 2 sin 2 0— 3a 2 & 8 ), where c=a*-b 2 . 

Let »w=reos<p, «.=rsin<7>. 

.-. @=a 8 & 8 {r 8 [a 2 sin 8 (0+<p)+& 8 cos 2 (0+<p)]-c 2 sin 8 0-3a 8 & 2 } 
=a 2 b 2 (r 2 A— c 2 sin s 0— 3a 8 6 2 ), suppose. 

©j =a 2 & 2 [> 2 (a 8 sin 2 ^+& 8 eos 2 ?>) -c 2 sin 2 0— 3a 8 & 2 ] 
=a 8 & 2 (r 2 .B-c 2 sin 8 0-3a 2 & 2 ), suppose. 

The condition that the ellipses should touch is 

The locus of B is 

A*B s r< i —2(A + B)[(5a 2 V- + c^rn^^B— 2a 2 & 3 (A 2 +B 2 )>« 

+[(.A 8 +.B 2 )(c 4 sin 4 0— 6a 2 & 2 c 8 sin 2 0-27a 4 & 4 ) + 2 J i.B(2c 4 sin 4 

+ 12a 2 & 2 c 2 sin 2 <?H-27a 4 6 4 )> 4 -2c 4 sin 4 0(A + B)(3a s & 8 +c 2 sin 2 O)r 2 
+c 6 sin 6 «(4a 2 6 2 +c 2 sin 2 0)=O. 

This equation represents two loci, one when the moving ellipse is tangent 
externally, the other when the moving ellipse is tangent internally. 
If a is the average area of the former, the chance is p=nab/a. 

121. Proposed by G. B. M. ZEEE, A. M.. Ph. D.. Professor of Chemistry and Physics, The Temple College, 
Philadelphia, Pa. 

Find the average area of the pentagon formed by joining five random points on the 
surface of a given circle. 

Solution by the PROPOSER. 

Let a=radius of given circle, A— its area, A =required average, a ^av- 
erage area when the five points are taken on both the circle A and a concentric 
annulus B, a , =average area when four points are taken on A and one on B. 
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Then(A'+A)^.=5B(A t -A). But a:a'=A:A+£. 

.-. a'==(A + JB)a/A. .-. A=fA,. 

Let one point be on the circumference of the circle and the other four 
points P, Q, B, 8 anywhere on its surface. Let OP--=u, OS=x, OB=y, OQ—z, 
LAOE=e, LBOE=y, 10011=4; Z.DOE=d. Then OA=2ash\0=u' , OB= 
2asin^»=a;', OG=2asin<p=y', OD=2asin8=z'. 

Area OPQRS=buzsin(0— <S) +%y ZS i Q (d— 4) +£n/sin(tf'— qi) —G. 

/ir ng /»« f<\, s*u; /*& s*y' s*z' 
I I I I I I I GuxyzdodSd4'd(pdiidx-dydz 
0*'0«^0*^0*'0«^0«'0*^0 

.-.A=f A,= 

•wr /»» /*5 /».(. /'it' /»a;' /V /»«' 

6(11)1)11 uxyzd$dSd4'dcpdudxdydz 

20 /"* Z 1 * /** /** /*»' / ,;c ' /"»' /**' 
= ^^J oJoJo^oJoJoJoJ ^V^^^dcpdudxdydz 

20 /*"■ r* r* r* r™' r*' r» p 

— o 4 6 ) III)) [4a«sin(0— a)sin*+4aysin(a— 0)sin3 
ojr*a°«/ o* / o»'o*'o v 'o*^o«^o 

+ 3#2/sin(^'— <p)]im/sin 2 Sd$dSd4'd(pdudxdy 

160 r" r* r* r* r™' r*' 

= Q . - I I I I I I [3wsin(0 — 3)sind-|-3a:sin(^— <z>)sin^ 

+4asin(5— ^)siw^sin^]t<a:sin 2 teinV^^W0^9'^M^ 

320 r^ r e r s r* r"' 

— n I III! [3wsin(0— tf)sinr5+4asin(^— a>)sin^sina> 
y^*a«/ o* / o* / o* / o* / o 

+4asin ( 5 — 4) sin<5sin^]wsin s 3sin Vsin 2 <pd0dSd4'd <pdu 

2560a 2 C " C 9 C & C^ 
= ——— — I I I I [sin(0— 3)sin0sind + sin(<S— ^sinfein^ 
y?r* •/ «/ «/ c/ 

+ sin(^ — (p)sin0sin<p]sin 2 0sin 2 <Ssin 2 0sin* q)d0dW4>d<p 

320« */*»/•• / « 
= ^n-r- I I I [4sin(e-5)sinesin5(^-sin0cos0)+3sin 2 ^ 
Hct 4 •/ •/ J 

+4sin (5— ^)sin5sin^'(0 — suh'-cos^) — sin*^' — 3^sin^cos^]sin s 0sin 2 <5sin 2 4>d0dSd4 

1 0« 2 /* » C * 
= _^_j I [1055— 725 2 sin5cos^+845sin 2 3-1205sin*3— 105sin5cos5 
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-82sin 3 5cos3+32sin 8 acos<j+96sin(0-5)sin0sin,5( ( j— s i n <5cos<5) 2 ]sin 2 0sin 8 8<Wd<S 
= t^ziJ (36O0 2 -1440 s sin0cos0-36O0- 2 sin 4 + 2520 2 sin 2 0+3360sin 6 0eost9 



-1320sin 8 cos0— 6150sin0cos0+72sin80-25Osin"0-3Olsin 4 t9+255sin 2 0)sin 2 



~~ 12* V 5 144* 8 / 



MISCELLANEOUS. 



116. Proposed by J. A. CALDEEHEAD, B.So., Professor of Mathematics. Curry University, Pittsburg, Pa. 



Prove that 
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[Prom Muir's Determinants.'] 



Solution by G. B. M. ZEEE. A.M.. Ph.D., Professor of Chemistry and Physics, The Temple College. Philadel- 
phia, Pa. 

Let x, y, z be the minors with respect to a, , a 2 , a 3 in the first row, u, v, 
w the minors with respect to /9, , /9, , /9, in the second row, and r, s, t the minors 
with respect to y lt y if y g in the third row of the determinant a dn the right 
hand side of the equality. Then 



o.,x-a t y+a % z, fi,z-P s y+P 3 z, Y^-YtV+Y^ 
a t u — a 2 V-\-a 3 w, /5,M — i5 2 «+jJ,», Y\ u —Yi v +Yit w 
<x,r— a 8 S + a 3 <, fiiV—fi t 8 + fi t t, Y\f— YsS + r 3 t 
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